Let G be a finite p-group, for any prime p. In this short note we will describe K 1 (Z p [G]) modulo its p-power torsion in terms of abelian subquotients of G. Such a description has application in noncommutative Iwasawa theory due to a strategy proposed by D. Burns and K. Kato with a modification due to Hara [1] . We will however, not say anything about the strategy and about noncommutative Iwasawa theory here. We must mention that such description of the Whitehead group of group rings or completed group rings in terms of abelian subquotients was first given by K. Kato [3] for completed group rings of open subgroups of Z p ⋊ Z × p . The proof was rather tedious and long. In an unpublished article [4] K. Kato himself found a much more elegant approach using integral logarithm of R. Oliver and M. Taylor. He used this approach to describe the Whitehead groups of completed group rings of p-adic Heisenberg group and also proved the "main conjecture" for Galois extension of totally real number fields whose Galois group is a quotient of the p-adic Heisenberg group. The author generalised this approach in his PhD thesis [2] to prove main conjucture for pro-p groups of "special type". These groups include many interesting examples such as Z r p ⋊ Z p where the action of Z p on Z r p is diagonal. T. Hara [1] used the approach of K. Kato and some inductive arguments to prove the main conjucture for Galois extensions of totally real number fields whose Galois group is of the form H × Γ, where H is any finite group of exponent p. In this note we will use K. Kato's approach using the integral logarithm for describing K 1 (Z p [G]) modulo its p-power torsion for a finite p-group G.
The author thanks Professor John Coates very much for his constant encouragement. Thanks are due to the hospitality of Newton Institute, Cambridge where this work was done.
The additive side
Let G be a finite group and let Conj(G) be the set of conjugacy classes of G. Let Z p [Conj(G)] be the free Z p module generated by Conj(G). We first describe Z p [Conj(G)] in terms of abelian subquotients of G. If H is any subgroup of G, then C(G, H) denotes a set of left coset representatives of H in G. Unless stated otherwise we will use the notation [g] to denote the conjugacy class of g (the group will be clear from the context or stated explicitly) and useḡ to denote the image of g in abelianisation (again the group will be clear from the context or stated explicitly). Let N G H denote the normaliser of H in G and let 
This induces a well defined map
Let β G be the map
Let C be the set of cyclic subgroups of G. Let β G C be the map
The maps β G and β G C fit in the following commutative diagram
A2) For any g ∈ G, we want (a H ) H∈C to be fixed by g under the conjugation action. In particular for any H ∈ C, we have a
i.e. that it satisfies A1), A2) and A3).
for any H ∈ C. We in fact show that this holds for any H ≤ G.
Hence it is enough to show that β
is non-zero if and only is g ∈ H, and when g ∈ H, we have
This finishes proof of the lemma.
We now define a left inverse of β
For any non-trivial cyclic group H of p-power order, let ω H denote any nontrivial character of H of order p. We fix such a character ω H for each cyclic subgroup of a p-power order. Let η H :
And for the trivial group H we take η H to be the identity function. Then we may define τ
Let H be the cyclic subgroup of G generated by g. Let C H be the set of conjugates of H in G. Then we note that 
This implies that the coefficients of generators of H in a H are 0. Now note that if H ≤ H ′ are two cyclic subgroups of G and if
By A1) this must be equal to a H . Hence none of the generators of H appear in a H ′ . This is true for any subgroup of H ′ . Hence a H ′ = 0. Now we prove the second claim of the lemma. Let (a H ) H∈C ∈ Φ C . Then a H ∈ T H , for all H ∈ C by A3). Let
Hence by the previous lemma β G H (τ ((a H ))) = (a H ). 
Lemma 5. The image of β G is contained in Φ G .
Proof:
We have already shown that image of β satisfies A2) and A3) in the proof of lemma 1. In fact, we showed that A2) and A3) is satisfied for every H ≤ G. We show that it satisfies A1). First note that [H 1 , H 1 ] ≤ H implies that H is a normal subgroup of H 1 (since if h ∈ H and x ∈ H 1 , then xhx
. Now we must show that the following diagram commutes.
Hence for any g ∈ G, we have
Lemma 6. The projection proj :
We now prove injectivity of proj : Φ G → Φ C . Let (a H ) H≤G be such that proj((a H )) = 0 in Φ C . We will use induction on order of H. Let H ≤ G be a non-cyclic subgroup of G. We must show that a H = 0. Let a H = h∈H ab a h h. Let h 0 ∈ H ab be such that a h 0 = 0. Leth 0 be any lift of h 0 to H. Let P be a maximal subgroup of H containingh 0 . Then P is a normal subgroup of H of index p (Since H is a non-cyclic p-group). By the induction hypothesis a P = 0. By A1) tr P,H (a H ) = 0. But the co-efficient of h 0 ∈ P/[H, H] in tr P,H (a H ) is pa h 0 = 0. This contradicts tr P,H (a H ) = 0.
Remark: We use the hypothesis that G is a p-group for the first time in the above lemma.
Proof: This is a straightforward corollary of the previous lemma.
We now explicitly construct the inverse q of proj :
where η P (a P ) denote the image of η P (a P ) under the natural map P → H ab .
Lemma 8. Image of q is contained in Φ G and q is the inverse of proj.
Both the claims in lemma follow if we show that q H ((a P )) = β G H ([g]) for all H ≤ G. Note that η P (a P ) is non-zero if and only if P is a conjugate of the cyclic group generated by g. Let P g be the cyclic group generated by g and let C g be the set of all conjugates of P g . Let C g,H consist of all P ∈ C g which are subgroups of H.Then
For any (a P ) P ∈C ∈ Φ C and any H ∈ C, define
where ver P,P p : P → P p ֒→ H is just the p-power map. Put
Lemma 9. We have the following commutative diagram
We will show that for any H ∈ C, we have β
. It is best to consider the following two cases:
. On the other hand
Case 2: g = 1. Let P g be the cyclic group generated by g. Let C g be all the conjugates of P g in G.
Then
Now x −1 gx lies in P and P ′ for P, P ′ ∈ C g implies that P = P ′ and x −1 gx ∈ P for some P ∈ C g such that P p ≤ H if and only if
2.1. Logarithm and integral logarithm. In this subsection we recall the logarithm and integral logarithm maps of Oliver and Taylor [5] .
be any two sided ideal. Then the p-adic logarithm Log(1 + x) induces a unique homomorphism
Ker(log I ) is finite for any I. If I p ⊂ pIJ, then log I is an isomorphism. This is theorem 2.8 and 2.9 in [5] Lemma 11. For any H ≤ G, we have
This is lemma in theorem 1.4 [6] Definition. Let log = log Zp [G] . Define the following map
Theorem 12. For any finite p-group G, the image of L is contained in
The map L is natural with respect to maps induced by group homomorphisms.
This is theorem 6.2 in [5]
Theorem 13. Let G be a finite p-group. Let ǫ = (−) p−1 and define
Then the following sequence is exact
Moreover, the torsion subgroup of
This is theorem 6.6 and theorem 7.3 in [5] (the assertion about torsion part of
) is a result of C.T.C Wall and theorem 7.3 is loc. cit.).
2.2.
Relation between the multiplicative and additive sides. Lemma 14. For any non-trivial cyclic group P , there is a map α P :
× such that the diagram
commutes.
Proof:
The commutativity of the diagram in the lemma can now be verified easily since log commutes with ring homomorphisms of Z p [P ] induced by homomorphisms of the group P .
Lemma 16. For any x ∈ K 1 (Z p ) and any H ≤ G, we have
where
Proof: Note that if P = {1}, then α 1 ≡ 1(mod J P ), for any x ∈ Z p [P ] × . Hence we must show that θ
We must show that the following diagram commutes
norm norm ( ( P P P P P P P P P P P P P P P
, which is what we want. To show that the diagram commutes we only have to show that the square in the lower half of the diagram commutes. We note that for any x ∈ K 1 (Z p [H])
x |H| ≡ aug(x) |H| (mod p), and aug(x) = aug(π(x)). Hence
norm(x)
|H| ≡ aug(x) |H| ≡ aug(π(x)) |H| (mod p).
which show the required commutativity of the above square.
2.3. The main theorem.
Definition. LetK 1 (R) denote the group K 1 (R)/K 1 (R)(p), where K 1 (R)(p) denotes the p-power torsion subgroup of K 1 (R).
Definition. Let denote byθ G the map
The integral logarithm map L is trivial on torsion and then factors throughK 1 . We denote the induced map fromK 1 by L. ≡ u G,P ((x H ))(mod J P ). M4) For all P ∈ C, we want x p|P | P
